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Abstract
We study continuous separating families on linearly ordered extensions of the Sorgenfrey line S.
Let R be the set of all real numbers, Z the set of all integers, and S∗ = R × {n ∈ Z: n 0} with the
lexicographical ordering  and with the usual interval topology defined by . Then S∗ is a linearly
ordered extension of S. We prove that, in ZFC, S∗ does not admit a continuous separating families
and that any linearly ordered extension of S does not admit a continuous separating family. Two
problems posed by H. Bennett and D. Lutzer are answered.
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1. Introduction
A continuous separating family is a continuous mapping
Φ :X2 \∆ → Cu(X),
where ∆ = {〈x, x〉: x ∈ X} and Cu(X) is the space of continuous real-valued functions
on X with the uniform convergence topology, such that if fx,y = Φ(x,y), then fx,y(x) =
fx,y(y), and we also say the collection {fx,y : 〈x, y〉 ∈ X2 \ ∆} is a continuous separating
family for X, which was introduced by Stepanova. It is shown that a paracompact p-space
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(i.e., the preimage of a metric space under a perfect mapping) is metrizable if and only if it
has a continuous separating family [6,7]. A linearly ordered space is metrizable if and only
if it has a σ -closed-discrete dense subset and a continuous separating family [2].
Recall that a linearly ordered topological space (LOTS) is a linearly ordered set with its
usual open interval topology. A generalized ordered space (GO-space) is a linearly ordered
set equipped with the topology which is T1 and has a base consisting of convex sets. It is
well known that a GO-space is precisely a subspace of a LOTS. If X is a GO-space and Y
is a LOTS containing X as a subspace, and the ordering on X is inherited from the ordering
on Y , then Y is called a linearly ordered extension of X. Let X be a GO-space on which
the topology is τ , and λ the interval topology on X. Put
R = {x ∈ X: [x,→) ∈ τ \ λ} and L = {x ∈ X: (←, x] ∈ τ \ λ}
and
X∗ = (X × {0})∪ (R × {n ∈ Z: n < 0})∪ (L× {n ∈ Z: n > 0}), (♦)
where Z is the set of all integers. Regard X∗ as the subset of X×Z with the lexicographical
ordering. Then X∗ with the order topology is a linearly ordered extension of X. It often
happens that a GO-space X has a topological property P if and only if its linearly
ordered extension X∗ has property P (for instance, P is paracompactness, metrizability,
Lindelöfness or quasi-developability). Now suppose P is the property having a continuous
separating family. Consider the Michael line M and the Sorgenfrey line S. Each has a
continuous separating family since each has a weaker metric topology [4]. Let M∗ and S∗
be the linearly ordered extensions of M and S, respectively defined as above. In [2], it is
shown that M∗ has a continuous separating family, and under the set-theoretic axiom CH,
S∗ does not admit a continuous separating family. The following two questions were posed
by H. Bennett and D. Lutzer.
Question 1 [1,2]. In ZFC, does S∗ have a continuous separating family?
Question 2 [1]. In ZFC, is there an example of a GO-space X that has a continuous
separating family, but whose linearly ordered extension X∗ does not?
In this paper, we prove that, in ZFC, S∗ does not admit a continuous separating family.
This result answers the above two questions. Moreover, we prove that any linearly ordered
extension of S does not admit a continuous separating family. For undefined terminology
we refer to [3].
2. Main theorem
In this section, we consider the linearly ordered extension S∗ of the Sorgenfrey line S.
Note that when X = S in (♦),
X∗ = S∗ = R × {n ∈ Z: n 0}.
Theorem 1. In ZFC, the space S∗ does not admit a continuous separating family.
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Proof. Let  be the lexicographical ordering on S∗. For contradiction, suppose that there
is a continuous separating family for S∗, say {f〈x,i〉,〈y,j〉: 〈〈x, i〉, 〈y, j 〉〉 ∈ (S∗)2 \ ∆}. By
Proposition 2.1 of [2], we may assume that if 〈y, j 〉 ≺ 〈x, i〉, then
f〈x,i〉,〈y,j〉
(〈z, k〉)=
{
0, whenever 〈z, k〉 〈y, j 〉,
1, whenever 〈x, i〉 〈z, k〉. (†)
Consider the subspace X = {〈x, i〉 ∈ S∗: i ∈ {0,−1}} of S∗. Then by restricting the
continuous separating family to the subspace X, we obtain a continuous separating family
for X.
For every k ∈ N, where N is the set of all natural numbers, let
Bk =
{〈x, y〉 ∈ R2: y < x and ∣∣f〈x,0〉,〈y,−1〉(〈y,0〉)∣∣ 1/k},
Bk(y)=
{
x ∈ R: 〈x, y〉 ∈ Bk
}
,
and
Yk =
{
y ∈ R: Bk(y) is dense in some open interval
in the sense of the usual topology of the real line
}
.
Claim. For each k ∈ N, Yk is countable.
Suppose that for some k0 ∈ N, Yk0 is not countable. For each y ∈ Yk0 , we can find two real
numbers a(y) and b(y) such that y  a(y) < b(y) and Bk0(y) is dense in the open interval
(a(y), b(y)) in the sense of the usual topology of the real line. For each i ∈ N, put
Yk0,i =
{
y ∈ Yk0 : b(y)− a(y) 1/i
}
.
Then Yk0 =
⋃{Yk0,i : i ∈ N}, and there is an i0 ∈ N such that Yk0,i0 is uncountable. It is
easy to see that there must be a natural number N such that
YNk0,i0 =
{
y ∈ Yk0,i0 : b(y)N
}
is uncountable. It follows that there is a y0 ∈ R such that for any ε > 0, (y0, y0 +ε) contains
uncountably many points of YNk0,i0 . For each y ∈ YNk0,i0 , define x(y) = (a(y) + b(y))/2.
Thus if y > y0 and y ∈ YNk0,i0 , then y0 + 1/2i0 < y + 1/2i0  x(y) < N . Hence {x(y): y >
y0 and y ∈ YNk0,i0} ⊂ [y0 + 1/2i0,N].
Subclaim. There must be an x0 > y0 such that any neighborhood (in the sense of the usual
topology of the Euclidean plane) of the point 〈x0, y0〉 contains infinitely many points of
the set {〈x(y), y〉: y > y0 and y ∈ YNk0,i0}.
Assume that for each x ∈ [y0 + 1/2i0,N], there is an open neighborhood U(x) (in the
Euclidean plane) of 〈x, y0〉 such that U(x) contains at most finite points of {〈x(y), y〉: y >
y0 and y ∈ YNk0,i0}. Then there is a finite subset {x1, x2, . . . , xm} of [y0 + 1/2i0,N] such
that
⋃{U(xi): i = 1,2, . . . ,m} ⊃ [y0 + 1/2i0,N] × {y0} since [y0 + 1/2i0,N] × {y0} is
compact in the Euclidean plane. It follows that there is an ε0 > 0 such that (y0, y0 + ε0)∩
YNk0,i0
is finite. Thus we get a contradiction. So the proof of Subclaim is completed.
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Since f〈x0,0〉,〈y0,0〉(〈y0,0〉) = 0 and f〈x0,0〉,〈y0,0〉 ∈ Cu(X), there is a neighborhood
V = ([y0, y0 + δ1) × {0,−1}) \ {〈y0,−1〉} of 〈y0,0〉 in X, where δ1 < x0 − y0, such that
for 〈z, l〉 ∈ V ,∣∣f〈x0,0〉,〈y0,0〉(〈z, l〉)∣∣< 1/2k0.
Moreover since Φ(〈x, i〉, 〈y, j 〉) = f〈x,i〉,〈y,j〉 ∈ Cu(X) is continuous with respect to the
uniform convergence topology on Cu(X), there is a neighborhood
W = (([x0, x0 + ε) × {0,−1}) \ {〈x0,−1〉})
× (([y0, y0 + δ2)× {0,−1}) \ {〈y0,−1〉})
of 〈〈x0,0〉, 〈y0,0〉〉 in X2 \ ∆ such that for 〈〈x, i〉, 〈y, j 〉〉 ∈ W ,
sup
〈z,l〉∈X
∣∣f〈x,i〉,〈y,j〉(〈z, l〉)− f〈x0,0〉,〈y0,0〉(〈z, l〉)∣∣< 1/2k0.
Take δ = min{δ1, δ2}, and
O = (([x0, x0 + ε)× {0,−1}) \ {〈x0,−1〉})
× (([y0, y0 + δ) × {0,−1}) \ {〈y0,−1〉}).
Then for 〈〈x, i〉, 〈y, j 〉〉 ∈ O and 〈z, l〉 ∈ ([y0, y0 + δ)× {0,−1}) \ {〈y0,−1〉}, we have∣∣f〈x,i〉,〈y,j〉(〈z, l〉)∣∣

∣∣f〈x,i〉,〈y,j〉(〈z, l〉)− f〈x0,0〉,〈y0,0〉(〈z, l〉)∣∣+ ∣∣f〈x0,0〉,〈y0,0〉(〈z, l〉)∣∣
< 1/2k0 + 1/2k0 = 1/k0.
In particular, whenever 〈ξ, η〉 ∈ (x0, x0 + ε) × (y0, y0 + δ), we have
η < ξ and
∣∣f〈ξ,0〉,〈η,−1〉(〈η,0〉)∣∣< 1/k0.
Therefore(
(x0, x0 + ε)× (y0, y0 + δ)
)∩ Bk0 = ∅. (∗)
Take an ε1 > 0 satisfying 0 < ε1 < min{ε,1/2i0, δ}. Let
B
(〈x0, y0〉, ε1)= {〈x, y〉 ∈ R:
√
(x − x0)2 + (y − y0)2 < ε1
}
.
Then by the definition of x0 and y0 in the above subclaim, B(〈x0, y0〉, ε1)∩{〈x(y), y〉: y >
y0 and y ∈ YNk0,i0} = ∅. Take a point y1 ∈ YNk0,i0 such that 〈x(y1), y1〉 ∈ B(〈x0, y0〉, ε1) ∩
{〈x(y), y〉: y > y0 and y ∈ YNk0,i0}. It follows that |x(y1) − x0| < ε1  1/2i0 and thus
x0 ∈ (a(y1), b(y1)). Therefore there is an x ′ ∈ Bk0(y1) such that x ′ ∈ (x0, x0 + ε) since
Bk0(y1) is dense in (a(y1), b(y1)). Also since y0 < y1 < y0 + ε1  y0 + δ, 〈x ′, y1〉 ∈
Bk0 ∩ ((x0, x0 + ε) × (y0, y0 + δ)). This contradicts (∗). So we have proved that Yk is
countable for every k ∈ N. Thus the proof of Claim is finished.
Let Y =⋃{Yk: k ∈ N}. Then Y is countable, and if y /∈ Yk , then Bk(y) is nowhere dense
in the real line. Moreover if y /∈ Y , then B(y) =⋃{Bk(y): k ∈ N} is a first category set in
the real line.
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Take a point y ′ ∈ R \ Y . There is a decreasing monotone sequence {xn} contained in
R \B(y ′) such that {xn} converges to y ′ in the space S.
In X, we have limn→∞〈xn,0〉 = 〈y ′,0〉. Hence
lim
n→∞f〈xn,0〉,〈y ′,−1〉 = f〈y ′,0〉,〈y ′,−1〉.
Therefore
lim
n→∞f〈xn,0〉,〈y ′,−1〉
(〈y ′,0〉)= f〈y ′,0〉,〈y ′,−1〉(〈y ′,0〉).
Since for each k ∈ N, 〈xn, y ′〉 /∈ Bk , |f〈xn,0〉,〈y ′,−1〉(〈y ′,0〉)| < 1/k for any natural number
k, so that for all n ∈ N, f〈xn,0〉,〈y ′,−1〉(〈y ′,0〉) = 0. It follows that
lim
n→∞f〈xn,0〉,〈y ′,−1〉
(〈y ′,0〉)= 0.
But by (†), f〈y ′,0〉,〈y ′,−1〉(〈y ′,0〉) = 1. This is a contradiction. Thus the proof of the theorem
is completed. 
It is obvious that Theorem 1 gives a negative answer to Question 1 and an affirmative
answer to Question 2. In the proof of Theorem 1, it is worth to note that if C is a countable
subset of R, then (R \ C) \ B(y) is also dense in R. So by a slightly modification of the
proof, we can prove
Corollary 2. If T is a subspace of the Sorgenfrey line S by removing a countable subset
from S, then T ∗ does not admit a continuous separating family.
3. General results
In Section 2 we have proved that the linearly ordered extension S∗ of S does not admit
a continuous separating family. A natural question is: “if a GO-space X has a continuous
separating family, is there a linearly ordered extension Y of X such that Y also has a
continuous separating family?”. In this section, we answer this question negatively by
proving that any linearly ordered extension of the Sorgenfrey line S does not admit a
continuous separating family. Recall that a LOTS Y is said to be a linearly ordered dense
extension of a GO-space 〈X,τ,〉 if Y contains X as a dense subspace and the ordering
on Y extends the ordering  on X.
Lemma 3. Let X be an uncountable subspace of the Sorgenfrey line S. Then any linearly
ordered dense extension Y of X does not admit a continuous separating family.
Proof. It is easy to see that X is separable so that Y is separable since X is dense in Y . If
Y admitted a continuous separating family, by [2, Proposition 2.6], Y would be metrizable
and so would be X. But X is not metrizable since X is separable and has no countable
base. 
Theorem 4. Any linearly ordered extension of the Sorgenfrey line S does not admit a
continuous separating family.
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Proof. Let Y be a linearly ordered extension of S. By the discussion in [5, Section 3],
we can classify S into two disjoint sets according to the extension type of each point of S
for Y . Simply explaining the case for S, for a point x ∈ S, if the set of points of Y which
lie between (←, x) and [x,→) has a minimum point, then we say x has the left extension
type −1 for Y ; otherwise we say x has the left extension type −∞ for Y . Put
A1 = {x ∈ S: x has the left extension type − 1 for Y };
A2 = {x ∈ S: x has the left extension type −∞ for Y }.
Then S = A1 ∪ A2 and A1 ∩A2 = ∅. Put
E(S) = (A1 × {0,−1})∪ (A2 × {n ∈ Z: n 0}).
Orderize E(S) by the lexicographical ordering and topologize E(S) by the linearly ordered
topology. In [5], it is proved that E(S) is homeomorphic to a subspace of Y . So it suffices
to prove that E(S) does not admit a continuous separating family. If A1 is countable, then
A2 = S \ A1. By Corollary 2, the subspace A2 × {n ∈ Z: n  0} of E(S) does not admit
a continuous separating family. If A1 is uncountable, then the subspace A1 × {0,−1} of
E(S) is a dense linearly ordered extension of A1, by Lemma 3, A1 × {0,−1} does not
admit a continuous separating family. 
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